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becomes now slightly distorted, so that the locus of the most probable 
y deviation, corresponding to an assigned x deviation is no longer a 
straight line, but a parabola. 



X, " The Differential Covariants of Twisted Curves, with some 
Illustrations of the Application to Quartic Curves." By 
E. F. Gwyther, M.A., Fielden Lecturer in Mathematics, 
Owens College, Manchester. Communicated by Professor 
Horace Lamb, F.R.S. Received May 31, 1894. 

(Abstract.) 

The object of the earlier parts of this paper is to obtain relations 
connecting what Halphen # calls the canonical invariants of the curve, 
without the intervention of what are called by him the fundamental 
invariants. In any geometrical investigation it is the canonical in- 
variants which present themselves, and the relations between the con- 
secutive canonical invariants, and the values of their differential 
coefficients must, if the method of investigation is to be used, be 
expressed, in terms of canonical invariants only, without the inter- 
vention of the other series of invariants which Halphen treats as 
fundamental. 

In the paper, the notation of Halphen's paper cited above is gener- 
ally followed, but the mode of initial investigation, as in a previous 
paper on covariants of plane curves,f is made to depend upon a 
homographic transformation with infinitesimal arguments. 

Writing f, tj, g" for the coordinates of a current point, a?, y, % for the 
coordinates of a point on a standard curve, and y n and z n for 
d n ij\dx n . n\ and d n zjdx n . n !, the arguments of a covariant function are 
shown to be 

f=zg—x, 

g = ^{v—y—yi (f— ^)}— yz{^~-z~z x (g—x)}iy&z—y& 2 , 

with a n = yzZn—ynZitlytfs—ysfy, 

hn = yifa—y&nly&s—yzZii 

while '2/203-— 2/3^2 is an invariant which will not appear independently. 

The other conditions that a function (/, g, h, a n , h n . . . . ) may be 
a covariant function are (1) that it shall be isobaric, counting/, g, h, a n , 

* " Sur les Invariants DiffSrentiels cles Conrbes Grauches," * Journal de 1'^cole 
"Poly technique,' cahier 47, vol. 28, 1880. 

f 4 Phil. Trans.,' vol. 184 (A), 1893, p. 1171. 
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and b n of the weights — 1, —3, —2, n—S, and n—2 respectively, and 
(2) that, if d be the algebraic degree of the function, then 

< g^ — t-2h— — .... —Sma m bn-m + i -x (Sm6 w &». m + 1 -2a, i ) -^-~ 

I of eg oa n obn 

— .... > (f> = ; 

I qf d<% o6 w 

— . . . . V = o ; 

j/ 3 |;+(/?+^)4+/^4-^------(»-3)«»-i^- 

— ((?? — 2) 5 M _!— a w ) — •••* f0 = °; 

d&« J 

r / p\ Cj O \ ^ 

i ^(/-^- + ^7r- + ^7r- — ^)— .... — S (w — l)a»6«-»-7T ~ 

<- \ 0/ d^r oh J ~ da n 

— S (m— l) b m h n - m -- .... V0 = O; 

0b n J 

f 7 / j. 3 3 7 3 7 \ ~, N 3 

— S (m—l) b m an-m -z • • • • f = 0. 

d&„ J 

These equations are then used to find the forms of the earlier in- 
variants, and to show that there are only four independent covariants, 
which may be written 



Qe\ / Q< 2 



f = /~( «*4 + 2 p^) g-Auo— ~ ) h, 



w = l-(2^ 4 + 3^V-( 3 ^~^ + 3&4-3%^-3^ 2 W 

3> 



/ Q6 , Qb 

^' 5 -3%p-+p^ 
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where u± = a 4 , 

^ 5 = # 5 — 3& 4 — a 4 2 , 

^5 = 6 5 , 

^ 6 rr: a 6 — 3 a 4 & 4 — 2b 5 , 

and P 6 = % — 3U&U5 — U4?, 

Qe = ^ 6 + ^5 2 . 

The planes, whose equations are f = o, # = 0, f = 0, w = 0, form 
a tetrahedron, which will he called the canonical tetrahedron of 
reference at any point on the curve, and if we put 

f y £ 

tf &> w 

the coefficients of the expansions of y and z in terms of x are the 
canonical invariants. 

We write these expansions 

y = x 2 -f/3 7 # 7 + &c., 

3 = x 3 + /z 6 X 6 + a-tX 1 +...., 

and since g = f 2 + . . . . -f ^/ 4 + &c., 

A- = / 3 -f . . . . -f a 4 / 4 + &c, 
we see that with respect to the canonical axes, 

& 4 = 5 4 = a 5 = b 5 = b 6 = 0. 

To obtain the result of differentiating a canonical invariant, we must 
begin with a general change of axes, and after differentiation suppose 
that these are the canonical axes, and put a 4 = & 4 = &c, = 0, as 
above. For this purpose, I show that if 

F V K 

— , X — , zj — ~ i 

vo w co 

denote any nomographic transformation, we shall have 

. / iv 2 V~T i ^ a 'l i ./ M%2 — u 2 $; 



wfl — Wif; 



»W + 01 h^l y. y. 

+ &C. + &c. + R 
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where R contains squares and products of s^/w, wf 3 — fc^/w^— W]f, 
&c, where *% and f„ have a significance similar to that of y n and « w . 
In the earlier part of the paper I have shown that, if f — x+q x y and 
w = 1-i-pw-j-qy, where the coefficients are small, 

A» = a»— gi {(w— 3) fA+Sm^ B „ w+1 } 
+JJ {2(^—3) xa n + (n—2) a n „i} 
+ q{% [(w— 3) yia» + Sma m y w -»+ 1 ]H-(w--3)yatt + (w--2)^ 1 flB»-. 1 

+ S (m— l) a m y n - m }t 

and therefore we can determine the functions <p and ^ and get 
A» = ( — -- — - ) a n + { (»-2) ™ (w-l) ^I^|\ a,,., 

+ J (»-3) ~ (w-2) - t ■ a t }> a^ 2 



wfi— wif 



l # « • • 
+ < 2 






&} 



Wfi — Wif 



and similarly 



X>*a 



a? 



&> 



fi— a-'if) 



'W 



{ 



*>! „ wft— '^2? 



£tf 



.2 -~ - j> & ra 



} 



+ ^ (w-2) -±-(»-l) -~f~— ^| 



? 6 W— .] 



**j • • » • 









} 



*-f* XSi 



If we now choose the new axes to he the canonical axes, we shall 
hare, at the origin 



' 2 Ui -f- 3 
«t? \ Ft 



&2 
(JO 



Bu 5 — a 5 + 3h— -3% 






Q 6 ,Q 



3 



6 -*- 6 



T7* 



J, 



« • • * "*"~~ • • 



0% 
0) 



0% — j\.Ctr t ) 



v 9 
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*>fl- 


-Wlf 


ft>f 2 - 


-tt> 2 f 


wfl- 


-Wjf 


fc>F«- 


-w»? 



-U-Sfl=-T. 



P, 



2 



w ?l — W l£ 



b6^ — J-COji. 



We can now write down the leading terms in the expansions of 
a n and f3 n , and we can differentiate the expressions, remembering that 
after differentiation we put a^ = b± = . . . . = a 6 = a 6 , a 7 = a 7 , &c. 

All the expressions I, J, K, &c, vanish if not differentiated, and all 
the part contained in R vanishes after differentiation as well. We 
have then only to consider that part of the differential coefficient of 
I, J, K, &c, which does not vanish. Writing' this [I'], &c, we get 

[I'J = 21/3 7 /* 6 , [S'] = 14/V* 6 , 

[J'] = 12« 6f ^ [T'] = 6« fl , 

[K'] = o, 

and if [a„'] stands for the invariantive part of the differential co- 
efficient of oc n , being the only part when referred to the canonical axes, 
we have 



[«»] = (n-j-1) «„+! — 3/3 ; 



— 12^6 {(ti — 3) ««_2+ . . . . + (n—m — l)fi m x n -m + » • • • +2/3»_ 3 } 

+ 6jf 6 {(^ — 2) a»_ 2 + . . . . + (w — w)*»»^i«»-w+ .... +3%i. 2 } 

ft f 
— 7 — < (w— 4) «»_!-- .... —2(n—m — l)p m +ioin- 



and 

ft^» 



•m • • • 



— 6/5^_ 2 > 



[/3y = (w + l)/5 n +i-7 



#6 



— 12a 6 {(^—3) /3 n -2+ .... +(n—m—l)p m p n _ m + +/3«_ 2 } 

+ 6« 6 { (% — 2) Pn-2+ • • • • + (n — m) oc m +iftn-m + .... +2»n-\} 

— 7~ {(> — 4) ^_i— — 2 (w—m— 1) Pm+ipn-m— 

— 4/3 w _!}. 

This shows the mode by which the general values of these differ- 
ential coefficients are found. The mode by which the series of 
canonical invariants can be consecutively determined follows, and the 
relations connecting the canonical invariants of a curve with those of 
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a reciprocal curve are then obtained, but the line of proof cannot be 
included in this abstract. 

In the latter part of the paper, the differential equations of the 
quadriquadric curve are integrated to obtain the absolute invariant 
of the curve, and the conditions to be satisfied by the four excubo- 
quartics having closest contact with a curve at a point are found. 

The equations to a quadriquadric curve referred to the canonical 
axes at a point of the curve, are 

u = y — x 2 —]p3 {xz — if) = 0, 

v = z — xy — piz 2 — ]pz(xz'—y' 1 ) = 0, 

where jp x = « 6 , ]pz = «7/* 6 , V* = frlxQ- 

These represent two out of the family of quadrics which contain 
the quadriquadric ; the quadric represented by v = is that which 
touches at the origin the osculating plane to the quadriquadric at the 
origin. If we call the fourth point, at which that osculating plane 
meets the curve, the tangential of the origin, the quadric repre- 
sented by u = is that quadric of the family which touches, at the 
tangential, the osculating plane at the tangential. 

These two quadrics are called the canonical quadrics at the point, 
and it is shown how to find the equations to the canonical quadrics at 
any point and how to express the canonical invariants at any point in 
terms of those at the origin. The relations between the invariants at 
a point and its tangential are found, and lead to the discussion of the 
singular points indicated by jp x — p 2 p^ = andj?] 2 — pipzjps— jp 3 3 = 0. 



XL "On the Singular Solutions of Simultaneous Ordinary 
Differential Equations and the Theory of Congruencies." 
By A. C. Dixon, M.A., Fellow of Trinity College, Cam- 
bridge, Professor of Mathematics in Queen's College, 
Galway. Communicated by J. W. L. Glaisher, Sc.D., 
F.R.S. Received June 7, 1894. 

(Abstract.) 

§ 1. This paper is an attempt to shew how the singular solutions 
of simultaneous ordinary differential equations are to be found either 
from a complete primitive or from the differential equations. 

The latter question has been treated by Mayer ('Math. ■Ann.,' 
vol. 22, p. 368) in a somewhat different way, but with the same 
result. He also gives a reference to a paper in Polish by Zajaczkow- 
ski (summarised in vol. 9 of the ' Jahrbuch der Fortschritte der 
Mathematik , ) ? and to one by Serret in vol. 18 of ' Liouville's Journal.' 



